Let X be a Banach space and E a bounded set in X. For x ∈ X, we set D(x, E) = sup{ x − e : e ∈ E}. The set E is called remotal if for any x ∈ X there exists e ∈ E such that D(x, E) = x − e . In this paper we prove some results on remotality in tensor product spaces. Further, we prove a main result "Every bounded set is ε-remotal", where the concept of -remotality was introduced introduced in last couple of years and studied by many authors.
Introduction
Let X be Banach space and E be a closed bounded subset of X. For x ∈ X we set D(x, E) = sup{ x − e : e ∈ E}. The set E is called remotal in X if for any x ∈ X, there exists e 0 ∈ E such that D(x, E) = x − e 0 . The point e 0 is called the farthest point from x in E. If the set of the farthest points in E from x is a singleton for all x ∈ X, then E is called uniquely remotal.
The study of remotal sets started almost in the sixties. However, the study of remotal sets is not as rich as proximinal sets. One of the main conjectures in the theory of remotal sets is "A set E in a Banach space X is uniquely remotal if and only if E is a singleton".
For Banach spaces X and Y, we let X ∨ ⊗ Y and X⊗ π Y denote the completed injective and the completed projective tensor products of X and Y .
Remotality in tensor product spaces never been studied, unlike proximinality in tensor product spaces, [4, 5] . In this paper we prove some results on remotality in both the projective and the injective tensor products.
The concept of -remotality was introduced in [6] , while the concept of -proximinality was introduced in [9] . Many papers were written on such concepts, see [1] [2] [3] . For both concepts all papers assumed some conditions on a set to be -remotal (or proximinal). In this paper we prove the main result "Every bounded set is -remotal". We refer to [7, 8] for more on proximinality and remotality in different Banach spaces.
Epsilon remotality in Banach spaces
The notion of -remotality was introduced in [1] , and many results were obtained in that paper. Definition 2.1. Let X be a Banach space and E ⊆ X. Let > 0. We say E is -remotal if for every x ∈ X there exist x 0 ∈ E such that x − x 0 D(x, E) − .
In [1] , many conditions were put so to prove that a set in a Banach space is -remotal. In this section, our main result is: every bounded set is -remotal.
Remark 2.2. We should remark that every remotal set is -remotal. Indeed, let E be remotal in X. If x ∈ X and x 0 is the farthest point of x in E, then for all e ∈ E x − x 0
x − e x − e − .
However, the converse need not be true. Indeed, the set (0, 2] is not remotal in R, but it is ε-remotal. Now, to show that the set is -remotal, let x ∈ R. Then 1. if x 1, then 2 is the farthest point from x in (0, 2]; 2. if x > 1, then for any > 0 take x 0 ∈ (0, ε), then
Definition 2.3. For x ∈ X, > 0, and E ⊆ X, we define
Proof. Let (e n ) be a sequence in F ε (x, E) such that e n → e. We claim that e ∈ F ε (x, E). Since e n → e , then lim
Now we prove the main result of this section.
Theorem 2.5. Let E be any bounded set in a Banach space X. Then for any > 0, E is ε-remotal in X.
Proof. Let be arbitrary and x ∈ X. Let r = D(x, E) = sup{ x − e : e ∈ E}. If E is remotal, then by Remark 2.2, there is nothing to prove. So assume that E is not remotal in X. Now, the set
has a non-empty intersection with E. One can easily check that K ∩ E = ∅. Since if not, then r = D(x, E) r − < r. This is a contradiction. So, if we take any x 0 ∈ K ∩ E, then
Hence, E is -remotal in X.
Remotality in injective and projective tensor product space
Very few results are known in the injective tensor product of Banach spaces. In this section we prove some results on remotality in such spaces.
Definition 3.1 ([3]).
A Banach space X is said to have the approximation property if for every compact subset K of X and every > 0 there exists a finite rank operator T : X → X such that T x − x for every x ∈ K.
Lemma 3.2 ([3])
. Let X and Y be Banach spaces such that X * is reflexive and either X * or Y * has the approximation property. Then
Lemma 3.3 ([3])
. Let X and Y be reflexive Banach spaces such that X * has the approximation property. If every operator from X to Y * is compact, then
Now we are ready to prove the following result which describes some remotal sets in the injective tensor product space. Theorem 3.4. Let X be a reflexive space with the approximation property. If H is a finite dimensional subspace of
Proof. Since X is a reflexive space, then X * is also reflexive. Since H * is finite dimensional, then H * has the approximation property. Thus by Lemma 3.2 we have
Now, since X reflexive, then X * * = X has the approximation property. Further, any T ∈ L(X * , H * * ) = L(X * , H) is compact, since H is finite dimensional. So, by Lemma 3.2 we get
Remotality in projective tensor product space
In this section we prove the following. 
By the definition of supremum, there exists a sequence
Since F is finite dimensional, then any element
x i⊗π e i , where
and {e 1 , e 2 , . . . , e n } is a basis for F. Thus,
x m i⊗ π e i , where
. . .
1 is a bounded sequence. Now, consider the sequences (x m 1 ),(x m 2 ),. . . ,(x m n ). Then by Helly's selection theorem each sequence of these sequences has a w * -convergent subsequence because [E] is a separable dual space in X.
Thus using a standard procedure, [2] , we can extract w * -convergent subsequences with uniform index, say (x 
